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Abstract 

This paper is devoted to the study of Morita equivalence for twisted Poisson manifolds. 
We review some Morita invariants and prove that integrable twisted Poisson manifolds which 
are gauge equivalent are Morita equivalent. Moreover, we introduce the notion of weak Morita 
equivalence and show that if two twisted Poisson manifolds are weak Morita equivalent, there 
exists a one-to-one correspondence between their twisted symplectic leaves. 

1 Introduction 

Geometric Morita theory is one of the interesting topics in Poisson geometry. The geometric 
notion of Morita equivalence was introduced by Xu, P. ([23 ],[24]and [25]) on the basis of alge- 
braic Morita equivalence. Morita equivalence is first introduced by Morita, K. in lfl6l . He gave a 
necessary and sufficient condition for representation categories of two rings to be equivalent: two 
rings have equivalent categories of left modules if and only if there exists an equivalence bimodule 
for rings. Ring theoretical Morita equivalence is generalized to the theory of C*-algebras by Rief- 
fel, M. [20], [21]. Morita equivalence of C*-algebra is useful in studying some C*-algebras. Also, 
Morita equivalent C* -algebras share many properties, such as equivalent categories of Hermitian 
left modules, isomorphic /T-group, and so on. C*-algebras are the quantum objects; in contrast, 
Poisson manifolds are the classical one. Morita equivalence for integrable Poisson manifolds and 
(quasi-) symplectic groupoids ware introduced by Xu as the classical analogue of this equivalence 
relation. Geometric Morita equivalence plays an important role in Poisson geometry as Morita 
equivalence of C*-algebras does. There exist some invariants under Morita equivalence such as 
the representation categories of symplectic realizations, fundamental groups and the first Poisson 
cohomology groups (see Ginzburg, V. L. and Lu, J.-H. IfTOl and E4"l ). And furthermore, the theory 
of geometric Morita equivalence is related to momentum map theory. Since Morita equivalence 
establishes an equivalence of representation categories, we are provided with the notion of equiv- 
alence for momentum map theories. It is shown that some known correspondence of momentum 
map theories can be described by Morita equivalences EBI . On the basis of Xu's work, the author 
introduce the notion of Morita equivalence for integrable twisted Poisson manifolds |TTJ], fI21 . As 
for Poisson manifolds, Morita equivalent twisted Poisson manifolds have isomorphic fundamental 
groups, isomorphic first cohomology groups and equivalent categories of modules. Morita equiv- 
alence is applied only for integrable (twisted) Poisson manifolds. To remedy this defect, we will 
introduce refined version of Morita equivalence and discuss it in this paper. 

The paper is organized as follows: In Section 2 we study the basic properties of twisted Poisson 
manifolds and discuss the relation with Lie algebroids. Section 3 begin with the review of Morita 
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equivalence discussed in IfTTTl and lfT2l . The latter part of this section deals with Dirac struc- 
tures and a gauge transformation. After that, We will prove that gauge equivalence of integrable 
twisted Poisson manifolds implies Morita equivalence. In Section 4, we introduce the notion of 
weak Morita equivalence of (twisted) Poisson manifolds and show that Morita equivalence im- 
plies weak Morita equivalence. Furthermore, we define a bijective correspondence between the 
twisted symplectic leaves of Pi and those of P2 when twisted Poisson manifolds P\ and P2 are 
weak Morita equivalent. 

Finally, we note that smooth manifolds appeared in this paper are assumed to be connected. 
We denote by r(E) the set of smooth sections of a vector bundle E — > M. 

2 Preliminaries 

2.1 Twisted Poisson manifolds 

Twisted Poisson manifolds first appeared in the study of string theory by Park. J.-S. [18 ] and 
Klimcik, C. and Strobl, T. lfT3l . and treated mathematically by Severa, P. and Weinstein, A. f22). 
We start by recalling the definition of a twisted Poisson manifold. 

A twisted Poisson manifold is a smooth manifold P equipped with a bivector field IT and a 
closed 3-form <p on P which satisfy the following equation: 

m = A 3 n»o£), (2.i) 

where, [•, •] means a Schouten-Nijenhuis bracket and A 3 n"(0) is a linear map from P(A 3 P*P) 
to P(A 3 PP) induced from the natural homomorphism II* : T*M — > TM given by f3(I$(a)) = 
(IT, /? A a). Namely, for any a, (5, y e r(T*P), A 3 n#(0) is defined as 

A 3 r%)(a, p, y) := 0(n»(o), i$(p), n tt ( T )). 

We call n a twisted Poisson bivector. 

Example 2.1 (Poisson manifolds) Let (P, II) be a Poisson manifold. For a closed 3-form <p on 
P such that A 3 n*(0) = 0, it holds that [II, II] = = A 3 n tl (^). Therefore, (P, II, <p) is a twisted 
Poisson manifold. 

Example 2.2 Let A be the set of elements {x\, x%, X3, X4} c K 4 which satisfy x\ = or ^3 = 0. 
The closed 3-form <p - ((l/x^)dx2 - {\lx\)dx^) A dx\ A dx^ on R 4 \ A and the bivector II = 
XT.(dldxi)A(dldx-y) + xi (8/8x3) A(d/ 8x4.) satisfy the condition (12.11) . In other words, (R 4 \A, n, (p) 
is a twisted Poisson manifold. 

Given a 0-twisted Poisson manifold (P, II), one can define a bilinear skew-symmetric map 
{•,•} on C°°(P) and a vector field on P by 

{/, g) := <IL df A dg), H f := u\df), (V/, g e C°°(P)). 

The vector field Hf determined by / € C°°(P) is called the Hamiltonian vector field of /. It is easy 
to verify that the map {•, •} satisfies the Leibniz identity. By using the bracket and the Hamiltonian 
vector fields, the formula (12.11 ) can be written as 

{{/, g], h) + {{g, h], f) + {{h, /}, g} + <p(H f , H g , H h ) = 0. (2.2) 

Conversely, if a bilinear skew-symmetric map {•, ■} : C°°(P) x C°°(P) — > C°°(P) and a closed 
3-form tp e P(A 3 P*P) satisfy the Leibniz identity and 
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{{f,g},h} + {{g,h},f} + {{h,f},g} = ({f, ■} A {g, •} A \h, •}, <p), (2.3) 
then {•, •} arises from a 2- vector field II given by 

<n, df A dg) = {/, g], (V/, g e C M (P)). 

Furthermore, it can be verified that II and cf> satisfy the formula (I2.ll ). In consequence, we 
can define a twisted Poisson manifold as a smooth manifold P together with a closed 3-form 
€ P(A 3 P*P) and a bilinear skew-symmetric map {•, •} : C°°(P) x C°°(P) C°°(P) satisfy the 
equation (12.31 ) and the Leibniz identity. 

The following proposition can be shown by simple calculation. 

Proposition 2.1 For any f, g, h e C°°(P), it holds that 

( [H f , H g ] + H iLg] )h = cf>(H f , H g , H h ). 

{Proof) Using (I2.2I ). we have 

([H f , H g ] + H {f , g] )h = H f (H g h) - H g (H f h) + H {fig] h 

= {{h,g},f}-{{h, f},g} + {h,{f,g}} 

= h),f) + {{h, f},g} + {{f,g},h}) 

- c/>(.H f , H g , H h ). u 

Definition 2.2 For a closed 3-form ^ on a smooth manifold S, <p '-twisted symplectic form is a 
non-degenerate 2-form a> e P(A T*S) such that da> = iff. A smooth manifold equipped with a 
iff -twisted symplectic form is called a if/-twisted symplectic manifold. 

The non-degeneracy of a i/^-twisted symplectic form a> implies that the natural homomorphism 
co b : TS —> T*S, X i-» ixoj is an isomorphism, where ixoj means the contraction of a> by X. 
Therefore, given a smooth function f on S , we can define its Hamiltonian vector field Hf by 
i-H f te - df. Moreover, as for symplectic manifolds, we can define a bracket on S as {/, g} := 
to(Hf, H g ). Then it is verified that the bracket {•, •} obtained from od and iff satisfy the equation 
(12.21 ) and the Leibniz identity. That is, a twisted symplectic manifold is a twisted Poisson manifold. 

Let {Pi, Hi, cpi) (i = 1,2) be twisted Poisson manifolds and / : Pi — » Pi a smooth map. The 
smooth map / is called a twisted Poisson map if, for any x e Pi, the following formula holds: 

(n\) m = (dj) x o nj o (djy x . (2.4) 

By using the bracket, a twisted Poisson map J : Pi — > P2 can be written as 

if, gh o J = U*f, J*g} lt (V/, g e C°°(P 2 )), (2.5) 
where {•, •},• (i = 1,2) mean the brackets induced from IL. 

Proposition 2.3 Let (P,-, IL, (pi) (i - 1,2) be twisted Poisson manifolds. If a smooth map J : 
Pi — > P2 is a twisted Poisson map, then for any a, /?, y € Tj^Pi (Vx € Pi), 

(^^(nUCoro^j.nScso^). n\( 7 o(dj) x )) 

- (J*(f> 2 ) x (n\(ao(dJ) x ), u\(J3o(dJ) x ), u\(yo(dJ) x )). 
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This proposition is easily shown by using (12.21) and (I2.5I ). We remark that J*<p2 = <P\ does not 
hold in general even if IlJ is an isomorphism. 

Definition 2.4 A twisted symplectic realization (t. s. realization for short) of a twisted Poisson man- 
ifold P is a twisted symplectic manifold S together with a twisted Poisson map J : S — > P. 

Analogously, we define an anti-twisted symplectic realization (anti-t.s.realization, for short) 
of a twisted Poisson manifold (P, IT, <p) as a twisted symplectic manifold S together with a twisted 
Poisson map J' : S — » P, where P means a twisted Poisson manifold (P, -IT, -<f>). 

2.2 Lie algebroids of twisted Poisson manifolds 

If (P, IT, <f>) is a twisted Poisson manifold, then the cotangent bundle T*P — > P carries a Lie 
algebroid structure whose anchor map is the natural anchor map n" : T*P -> TP, /?(]TV) - 
(IT, p A or) and whose Lie bracket is 

[a, := X Sff yS - i^a + d(n(ar, yS)) - 0(JJcr, ftS, • ) (2.6) 

where we denote by £x co the Lie derivative of a> by X. 

Let us verify that the Jacobi identity. For any f,g,he C°°(P), 

= d({{f, g), h) + {{g, h\, /} + {{/i, /}, g) + 0(// y , • )) 
= d{{f, g}, h) + d{{g, h], f) + d{{h, /}, g) + d(tfH f , H g , ■ )) 
= [[df, dg], dh] + [tfH ft H g , ■ ), dh] - <t>(H{f,gh Hh, ■ ) 

+ [[d g , dh], df] + [<p(H g , H h , ■), df] - mm* H f> •) 

+ [[dh, df], dg] + [<P(H h , H f , ■ ), dg] - (f>{H%f), H g ,-) + d(<f>(H f , H g , ■ )). (2.7) 

Note that [df, dg] = -{df, dg} - <p(Hf, H g , ■ ) is used in the above calculation. For any /, g e 
C°°(P), we define r] fg e T{T*P) as Tj fg (X) := <p{H f , H g , X). Then, we have 

[rjfg, dh]{H k ) = - i Hh dr]f g (H k ) - d(U(n fg , dh)){H k ) - <p{%r]f g , H h , H k ) 
= rj fg (H k , H h ) - d(n fg (H h )){H k ) - ^n fg , H h , H k ) 
= H k (rj fg {H h )) - H h {Tj fg {H k )) + T] f g([H f , H g ]) 

- d(<p(H f , H g , H h )){H k ) - ftjfofg, H h , H k ) 
= H k {<f>{H f , H g , H h )) - H h (<t>(H f , H g , H k )) + </>(H f , H g , [H h , H k ]) 

- d(<KH f , H g , H h )){H k ) - <p($T] f g, H h , H k ), (2.8) 

for any k e C°°(P). From Proposition 12. II . 

dh(H u - g] + [H f , H g ]) = cf>(H f , H g , H k ) = rjfg{Kdh)) = -dhQfa fg ). 

Thus, 

<l>{H {f ,g } , H h , H k ) = -<f>([H f , H g ], H h , H k ) - <Kfa fg , H h , H k ). (2.9) 
It follows from (|2T8T > and dZ9l) that 

(12771) = [[df, dg], dh] + [[dg, dh], dk] + [[dh, df], dg] 

+ H k (<f>(H f , Hg, H h )) - H h {<p{Hf, H g , H k )) + <j>{H f , H g , [H h , H k ]) 

- d(<f>(H f , H g , H h ))(H k ) - tffrifg, H h , H k ) + H k (<f>(H g , H h , Hf)) 

- H f (cf,(H g , H h , H k )) + <p{H g , H h , [H f , H k ]) - d(cf>{H g , H h , H f ))(H k ) 
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- 4>$T] gh , H f , H k ) + H k (<p(H h , H f , H g )) - H g (<f>(H h , H f , H k )) 

+ <f>(H h , H f , [H g , H k ]) - d(<f>(H h , H f , H g )){H k ) - <t>{fo hf , H g , H k ) 
+ <P([H f , H g l H h , H k ) + tffafg, H h , H k ) + <p{[H g , H h ], H f , H k ) 
+ tffogk, H f , H k ) + <f>([H h , H f ], H g , H k ) + tffcftf, Hg, H k ) 
= [[df, dg], dh] + [[dg, dh], dk] + [[dh, df], dg] 

- H f (cf>(Hg, H h , H k )) - H g {cf>{Hh, H f , H k ) - H h (cf>(H f , Hg, H k )) 

+ H k (fP{H f , H g , H h )) + <p{[H f , Hg], H h , H k ) + cj>{[H h , H f ], H g , H k ) 
+ 4>(H g , H h , [H f , H k ]) + <f>(H g , H h , [H f , H k ]) + <f>{H h , H f , [H g , H k ]) 
+ <p(H f , Hg, [H h , H k ]) + 2H k (<f,(H g , H h , H f )) - 2d(4>{H g , H h , H f )){H k ) 

=[[df, dg], dh] + [[dg, dh], dk] + [[dh, df], dg] - (#)(#/, H g , H h , H k ) 

= [[df, dg], dh] + [[dg, dh], dk] + [[dh, df], dg]. 

Consequently, [•, satisfies the Jacobi identity. 

Definition 2.5 Let A — » M be a Lie algebroid with anchor map $ : A — > TM. A left(right) action 
of A on a smooth manifold N consists of a smooth map J : N — > M called the moment map, and a 
Lie algebra (anti)homomorphism : r(A) — > r(TN) which satisfy the following conditions: 

(1) dJog N (a) = (tar; 

(2) Q N {fa) = (J*f)Q N (a), 
for any f € C°°{M) and a e T(A). 

If (P, Hp, (pp), (Q, rig, <Pq) are twisted Poisson manifolds, then any twisted Poisson map J : 
Q — > P induces a Lie algebroid action of T*P on Q by 

q q : r{T*P) r{TQ), a h-» T$ Q (J*a), 
In fact, by (|23} and Proposition [231 for any / € C°°(Q) and a, j3 e r(T*P), 

(nl([j*a, m+ a ))f 

= - [7*0;, J*p]t Q {H f ) 

= ~ ( i rf a wa) d <-' r ft ~ ^w^^ - d(U Q (J*a, rpj) - e (n» e (7*a), nj^jS), -)){H f ) 
= - J*(d/3)(n $ Q (J*a), H f ) + r(da)(n* Q (J*f3), H f ) 

+ J*(<m Q (a, p))(H f ) + e (rf e (7*a), U^(J*p), H f ) 
= - d/3(Up(a), (dJ)(H f )) + da(Ilp(J3), (dJ)(H f )) 

+ d(U P (a, p)){{dJ){H f )) + (7> P )(n» e (7*a), I^Tfi), H f ) 
= - d/3(Up(a), (dJ){H f )) + da(U P (j3), (dJ)(H f )) 

+ d(U P (a, P))((dJ)(H f )) + <p P {Yl p {a), n p (fi), (dJ)(H f )) 
= - (itf p(a) dfi - i n t p ifi)da - d(U P (a, /?)) - P (n*,(a), n»,(/?), •))(#/) 
= -{J*[a,l3]^){Hf) 
= (n* Q (J*[a, /%))/ 

It follows from this that qq{[o, f3]<p Q ) = [qq(o), Qq{P)]^p. In other words, qq is a Lie algebra 
homomorphism. Moreover, it can be verified that, for any / £ C°°(P) and a e r(T*P), 

eQ (fa) = U^rifa)) = Pfn Q (Pa) = (Pf)o Q (a), 
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dJ(g Q (a)) = dJW Q (J*a) = n$,(ar). 

This leads us to the conclusion that any twisted Poisson map J : Q — > P is equipped with a Lie 
algebroid action of T*P. 

As is well known, given a Lie groupoid r =4 M, one can construct the Lie algebroid over 
M denoted by M(T). For a full discussion of the Lie algebroid of the Lie groupoid, we refer to 
Crainic, M. and Fernandes, R.-L. |9|. A Lie algebroid A — > M is said to be integrable if there 
exists a Lie groupoid T =| M such that fflUT) is isomorphic to A. 

Definition 2.6 A twisted Poisson manifold is said to be integrable if its cotangent bundle is inte- 
grable as Lie algebroid. 

The integrability problem of Lie algebroids was studied by many people, for instance, Pradines, 
J. |fl9l , Mackenzie, K. IPT5 1 and Crainic, M. and Fernandes, R.-L. Q. The solution of integrability 
problem of twisted Poisson manifolds was given by Cattaneo, A. and Xu, P. (0). They proved 
the following result: 

Theorem 2.7 (Cattaneo, A. and Xu, P.) There is a bijection between integrable twisted Poisson 
structures and twisted symplectic groupoids which are source-simply connected. 

That is, twisted Poisson manifolds may be integrated to twisted symplectic groupoids. For an 
integrable twisted Poisson manifold P, we denote by Q{P) the twisted symplectic groupoid asso- 
ciated with P in the above theorem. We refer to Definition [33] for a twisted symplectic groupoid. 

3 Geometric Morita equivalence 

3.1 Morita invariants 

First, we will introduce the notion of Morita equivalence of twisted Poisson manifolds and 
exhibit some examples. 

Definition 3.1 ( H11IJ121 ) Let Pi be integrable (pi-twisted Poisson manifolds (i—1,2). Pi and P 2 
are said to be (strong) Morita equivalent if there exist a smooth manifold S equipped with a non- 
degenerate 2-form cos an d surjective submersions Jj : S — > P, such that 

(1) (S, u>s) is a (7j<^i - J^^-twisted symplectic manifold; 

(2) J\ is a complete t.s. realization, and J2 is a complete anti-t.s. realization; 

(3) Each Jj-fiber (i - 1, 2) is connected, and simply-connected; 

(4) The subspaces ker(dJ[) x , ker(dJ2) x °fT x S (Vx € S) are symplectically orthogonal to one 
another. 

(ker(dJi) x ) x = ker(dJ 2 ) x and (ker(dJ 2 ) x ) ± = ker(dJi) x , 

where 

(ker(J/ ! ). r ) ± = { u 6 T X S \ oj s (u, v) = (Vv e ker(^)x) 1, (i = 1,2). 

A twisted symplectic manifold S in Definition 13. H is called a (Pi, P2)-equivalence bimodule 
(or an equivalence bimodule for short), and denoted by Pi <— 5 — » P%. 
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Example 3.1 An integrable twisted Poisson manifold is Morita equivalent to itself with an equiv- 
alence bimodule Q{P). 

Example 3.2 (Example2. lin B4lO Let S be a connected and simply-connected symplectic mani- 
fold, and M a connected smooth manifold with a trivial Poisson structure:!-, •} = 0. Then, S x M 
is Morita equivalent to M with a equivalence bimodule S x T*M. 

Example 3.3 Let P, and <2, be twisted Poisson manifolds (i = 1,2). Assume that Pi and Q\ 

J\ h 

are Morita equivalent to P2 and Q 2 respectively, with equivalence bimodules Pi <— X — > P2 and 
Qi % Q 2 . Then, P\XQ\ and P 2 x g 2 are Morita equivalent: Pi x Q x ^ Xx Y J —f P 2 xQ 2 . 

Example 3.4 Two simply-connected twisted symplectic manifolds (S ,-, ojj, (A,) (i - 1, 2) are Morita 
equivalent each other. In fact, we denote the natural projections from S 1 x S 2 to S , by pr ( (i =1,2) 
and set to - pr^wi -pv* 2 oj 2 . It is easy to verify that pri : Si xS 2 — > Si andpr 2 :SixS2— >S2are 
ts.realization and anti-t.s.realization, respectively. If V = V\ ®V% £ (ker^prj)^) 1 " (x e Si x 5 2) 
satisfies that 0)(V, U) = for any J7 e kerCJprj)^, then the non-degeneracy of a>2 implies that 
V e ker(<ipr2)j t . From this, we have (ker(dpr l ) x )~ L = ker^p^)*. Similarly, it is also shown 
that (ker^p^)*) = ker(<ipr 1 ) x . Therefore, Si and S2 are Morita equivalent with a equivalence 
bimodule Si x S2. 

Morita equivalence is indeed an equivalence relation among twisted Poisson manifolds: As 
for the transitivity, suppose that (Si, coy) is a (Pi, P2)-equivalence bimodule with moment maps 

P\ <— S 1 — > P2 and (S 2 , o^t) is a (P 2 , P3)-equivalence bimodule with moment maps P2 <— S2 — > 
P3. We define a smooth manifold S 1 ®S 2 to be the quotient of the fiber product by its characteristic 
foliation: 

Si ®S 2 = (Si x J p 2 f 2 S 2 )/ker(i*(cui ©w 2 )), (3-1) 

/ 2 / 

where i : Si XpJ 2 S2 Si xS2is the canonical embedding map. In addition, we define a 
non-degenerate 2-form Co on S 1 ® S 2 by 

6) n (p)(n*u, 7Th,v) = (wi © co2) p (i*u, t*v), 

where 7r : S 1 X Pz ' 2 S2 — > Si®S2is the natural projection. It is verified that the 2-form oo is 
well-defined in a way similar to Il25l . Then (Si ® S2, o>) is a (Pi, P3)-equivalence bimodule with 
the moment maps /1 : Si ® S2 — » Pi and 73 : Si ® S2 — > P3 given by J\([x, y]) := J\{x) and 
/3(fc y]) := h(y), respectively. 

Remark. We note that the tensor product in (13.11 ) is not associative, but just associative up to 
a bimodule isomorphism. For any integrable twisted Poisson manifolds Pi and P%, we denote 
by S(Pi, P2) the set of all (Pi, P2)-equivalence bimodules. It is verified that B{P\, P2) forms a 
category whose morphisms are complete twisted Poisson maps / between equivalence bimodules 

Pi «— S 1 — > P2 and Pi <— S2 — > P2 which satisfies J\ = K\ o f and J 2 = K 2 o f. Then, we have 
the bicategory twPoiss which has integrable twisted Poisson manifolds as 0-cells, equivalence 
bimodules as 1 -cells and the tensor product as compositions. Two integrable twisted Poisson 
manifolds are Morita equivalent if and only if they are isomorphic object in twPoiss. For the 
definition of a bicategory, we refer to Q. 

As in the case of Poisson manifolds, twisted Poisson manifolds which are Morita equivalent 
have similar features. For instance, they have isomorphic first cohomology groups and represen- 
tation categories. For a twisted symplectic manifold, its fundamental group is a complete Morita 
invariant. We revise these results discussed in IfTTTl . 
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Theorem 3.2 Let (S a)\, if/i) (i = 1 , 2) be connected and integrable twisted symplectic manifolds. 
S i and S 2 are Morita equivalent if and only if their fundamental groups are isomorphic each other. 

Ji 

(Proof) Assume that S i and S 2 are Morita equivalent with a (S 1, S^-equivalence bimodule 5 1 <— 

5 — > 52- By the assumption that Ji : S — > Si is complete and 7i -fiber is connected and simply- 
connected, we have the following exact sequence of homotopy groups: 

{0} = TTiC/^*)) -> 7Tl(S) -> TTlGSl) -» TTO^W) = {0}, 

where * denotes any fixed point in S. This implies that ^i(Si) = tti(S). It is also verified that 
7Ti(S2) = tti(S) in a similar way. Therefore, 7Ti(S 1) is isomorphic to ?ri(S2). 

Conversely, suppose that the fundamental groups of S 1 and S 2 are isomorphic. We take the 
universal covering spaces of S (i = 1 , 2) and denote them by S ,-. Then, G = n\ (S ,) acts on S 1 x S 2 
diagonally. We define the maps p; (1 = 1, 2) from the quotient space S = (S 1 xS 2 )/G to S, = S,/G 
by 

Pi(Ui, ^2]) = p;Oi), (V[jci, X2] e S), 

where p,- : Sj — > S; denotes the covering map of S,-. Using these maps, we define a 2-form cog on 
S by ct»5 := Pj6l»i -p\ix>%. It is easy to checked that a>s is non-degenerate and da>s = ~p\ty\ -f%ifr 2 , 
that is, (S, 0*5) is a (p^i - p^Hwisted symplectic manifold. Let {•, -}s, {•, -}i and {•, •} be the 
brackets induced from a>s, o»i and p\u)\ - p* 2 io 2 , respectively. Then, for any f,g€ C°°(Si), 

(Pi/. Pltghiixu x 2 ]) = W(p[f), n*(p 2 g)}(xi, x 2 ) 

= {(pi o n)*f( ; X 2 ), (pi o 7r)*g( -, Xz)}l(xi) 

= {p\f, ptiKxi) = {f, gh(pi(xi)) 

= (p[[f, *h)([*i, 

In addition, the Hamiltonian vector field Hp*f = H p >j is also complete if Hf is complete. These 
imply thatpi : S — > Si is a complete t.s.realization. Similarly, P2 : S — > S 2 is a complete anti- 
t.s.realization. It is also verified that (ker(4oi ) x ) = ker(dp 2 ) x and (ker(dp 2 ) x ) = k&r{dp\) x for 
any xeS. Accordingly, S 1 and S 2 are Morita equivalent. □ 

Let (P, n, cj)) be a twisted Poisson manifold. As is discussed in 1.2, the space of 1 -forms 
r(T*P) carries Lie algebra structure. Using the Lie bracket [•, ■]</,, we define the differential oper- 
ator on the space of multi-vector fields on P by 

k+l 

(<fa^A)(ai, • • • ,a k+ i) := - ^(-l) i+1 n#(aO(A(a;i, • • • ,a u --- ,a k+1 )) 

i=\ 

- ^{-l)' +j A([ai, ajy, ai,--- ,5},--- ,a k +\), 

for any a\, • • • , a k +\ £ r(T*P). Twisted Poisson cohomology is the cohomology of the differen- 
tial complex (r(A'T*P), dn,</,), denoted by H^^(P) (see Kosmann-Schwarzbach, Y. and Laurent- 
Gengoux, C. Ifl4l and |[22l "). We remark that the following formulae hold: 

db,*/=[n, f]=H f , 

{du^X){df, dg) = -{£ x IV){df, dg) - ®(H f , H g , X). 

Theorem 3.3 Let (Pi, U\, (p\) and (P 2 , H 2 , (p 2 ) be integrable twisted Poisson manifolds. If they 
are Morita equivalent, then their first cohomology groups Hk (P\) and Hk (P 2 ) are isomorphic. 
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{Proof) Assume that P\ and P% are Morita equivalent with a equivalent bimodule Pi <— S — > P2. 
Let X be a vector field on Pi such that d^^^X - 0. Since J\ : S — > Pi is a surjective submersion 
and {7*C°°(Pi), /|C°°(P2)}s - 0, any tangent vector to the / 2 -fiber at x e S is represented by the 
value of Hamiltonian vector field of a function in /*C°°(Pi). On the basis of this observation, we 
define a 1-form Ox on each /2-fiber by 

((9 X ) X , <p(x)(Hr if ) x ) = <p(x)(Xf) Jl{x) , (xeS,<pe C°°(S), / e C°°(Pi)), 

where H, means the Hamiltonian vector field with respect to the (/j0i - /^"feMwisted symplectic 
form. Note that Xj^ X ) is represented by Xj { ( x) = {dJ\) x (Hj*h) for some h e C°°(Pi). If {Hj*f) x - 
(Hj' g ) x , then we have 

((Oxh, (Hj lf ) x ) = {Xf) Mx) = (df) Mx) (X Jl{x) ) = d{J\f) x {{Hj lh ) x ) 
= -d{J\h) x {{Hj lf ) x ) = -d{J\hU{H Jlg ) x ) 
= ((0x) x , (Hr ig ) x ). 

Hence, the 1-form 6x is well-defined. As will be shown in Lemma U!4l 9x is closed on each 
./2-fiber. Assuming this claim for the moment, we continue the proof. 

Since each /2-fiber is closed and simply-connected, 6x is exact thereon. As mentioned in ifTOl . 
there exists a smooth function A e C°°(S) such that Ox = dA and 

// A -(/*C°°(Pi)) c J*C°°(Pi) (3.2) 

when restricted to each /2-fiber. 

Now, for any / e C°°(Pi) and g e C°°(P 2 ) 

[H A r 2g , rj} s 
={{r 2 g,A} s ,Jif} s 

- - {{A,J*J} S , J* 2 g} s - {{J*J, J* 2 g)s,A) s - (/^i - J* 2 <f> 2 )(Hr 2g ,H A ,Hr if ) 
= {H A (Jlf), J* 2 g} s -{{J\f, r 2 g} s ,A] s -(/^i -J^iH^H^H^f) 
= {H A {J\f), P 2 g) s - {{J\f, P 2 g\ s ,A) s 

- <pi(Ji*Hj' g , JuH A , J\ t Hj*f) + (f>2(J2*Hr 2 g, J2*H A , J2*Hj*f) 

From (13.21) and assumption, the last two terms of the above formula are equal to zero. As a result, 
we have that 

H A (r 2 c°°(p 2 )) c /*c°°(p 2 ). 

Therefore, the push-forward vector field on P2 given by X' = (J2)*H A is well-defined. For any 

f,gzC°°{P 2 ), 

M^ 2 (df), Ul(dg), X') 
- - (dU 2 (df, dg)){X') - U 2 (d(X'g), df) + U 2 (d(X'f), dg) 
= - X'(U 2 {df, dg)) - U 2 (d(X'g), df) + U 2 (d(X'f), dg) 
= -X' (U 2 (df, dg)) + U 2 (df, £x>dg) + n 2 (£ x >df, dg) 
= - (£x*n 2 )(df, dg). 

This implies that dn^X' - 0. The cohomology class of X' does not depend on the choice of A 
and the map which corresponds X to the cohomology class of X' induces a map from //^(Pi) to 
H\(P2) (see [10]). We can construct a map from H^ 2 (P2) to H^{P\) in a similar way. Hence, 
H\ (Pi) and H^ 2 (P2) are isomorphic each other. □ 

It remains us to show the following claim: 
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Lemma 3.4 The 1-form Qx is closed on each J2-fiber. 

(Proof) Note that J\ x J2 : S — > Pi x P%, p \-> (J\(p), J2(p)) is a twisted Poisson map. For any 
f,ge C°°(Pi), we have 

(d6 x )(Hr if , fr ig ) = Hrj (fhWrj) - Hr lg - Ox {[H j;f , Htf) 

= Hrj (J\(X 8 )) - H Jlg (j\(Xf)) - 6 X ([H rj , H j;g ]) 
= Ul(Xg), Jlf} s - Ul(Xf), J* lg } s - 9 x ([Hj lf , Hr lg ]) 
= J\{Xg, fh + Jl{g, Xfh - 6 X ([Hr lf , Hr lg ]) , 

where {•, -}i means the bracket induced from the bivector ITi. Given f,g€ C°°(Pi), we define the 
map between the smooth functions on each J 2 -fiber by 

F e C°°(S) 1 * J\(Pi(H r j, H f> H F ) e C°°(S). (3.3) 

This map is considered as a vector field on each /2-fiber, so, can be represented by Hj* k for some 
k e C°°(Pi). Accordingly, using by Proposition 12. II we have 

6 x ([Hr lf , Hr l8 ] + H { r lf ,r lg }) = e x (H J{k ). 

Therefore, from assumption it follows that 

(d6 x )(Hr lf , H j;g ) = J\{Xg, fh + J{{g, Xfh + Ox(Hr l{ f, g]l ) - Ox{Hp {k ) 

= j\{x g , fh + j\{ g , xfh + r x x{f,gh - e x (H J{k ) 
= j\ ({x g , fh + {g, xfh + x{f,gh) - e x {Hj lk ) 

= J\ (£ x Yl x (df,dg))-e x (Hj lk ) 
= -J\{cp^ f ,^X)) + J\{Xk) 

= -r x (<i> x (z f ,z g ,x)+xk), 

where means the Hamiltonian vector field of f € C°°(Pi) induced from Eli. Since X is repre- 
sented by X = Ji*(Hj» h), we have 

Xk = (.dk)(J u (Hj* h )) = d{J\k){Hj* h ) 
= -d{J\h){Hj lk ) = -Hj lk {J\h) 
- -J^iiHj'f, Hj' ig , Hj* h ) 
= -ft(£ f , X) 

Consequently, dO x = is proved. □ 
3.2 Morita equivalence for twisted symplectic groupoids 

Definition 3.5 A twisted symplectic groupoid is a Lie groupoid r =4 P equipped with a non- 
degenerate 2-form a> e T(A T*T) and a closed 3-form <p e T(A^T*P) such that 

(1) dimT = 2dimP; 

(2) doj = t*cf> - s*cf>; 

(3) The 2-form to ffi to © (-co) vanishes on the graph of the groupoid multiplication, 
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where s and t are the source map and target map of T, respectively. Before discussing Morita 
theory for twisted symplectic groupoids, we recall Morita equivalence of Lie groupoids. An action 
of Lie groupoid G on M is said to be principal with regard to a smooth map / : M — > X if J is 
a surjective submersion and if G acts freely and transitively on each /-fiber. Assume that Lie 
groupoids G =^ Go and H =| Hq act on a smooth manifold M from the left and right, respectively. 
We call M a (G, //)-bibundle if the left G-action and right //-action commute. A (G, //)-bibundle 
is called a left principal when the left G-action is principal with regard to the moment map for 
the right //-action. Similarly, it is called a right principal when it is principal with regard to the 
moment map for the left G-action. And, a (G, //)-bibundle is said to be biprincipal when it is both 
left principal and right principal. Two Lie groupoids G and H are said to be Morita equivalent if 
there exists a biprincipal (G, //)-bibundle. 

Definition 3.6 Let (/" =4 Tq, w/-, (f>o) be a twisted symplectic groupoid. A left F-space M — » Tq 
is called a twisted symplectic left T -module if there exists a non-degenerate 2-form com on M such 
that 

(1) du> M = J*<Pr\ 

(2) m*aj M = pr^^M + pr* r w r , 

where pr M and pr r denote the natural projections and m : T ~X( S ,j) M — > M means the action map. 

Twisted symplectic right /"-modules are defined in the obvious analogous way. We now obtain 
a category from twisted symplectic /"-modules. The category has twisted /"-modules as objects, 
and the maps which commute with momentum maps and intertwine the /"-action as morphisms. 
We call this category the representation category of T and denote it by Rep(/"). 

Definition 3.7 Let (G =4 Go, ojg, <Pg) an d (H =4 Hq, &>Hi <Ph) be twisted symplectic groupoids. 

P o~ 

A (G, H)-bibundle Go <— X — > Hq is called a non-degenerate Hamiltonian (G, H)-bimodule if 

pxcr — 

X — > Go X //o is a twisted symplectic left G X H-module, where the action is given by (g, h) ■ x = 
gxh~ x for any g € G, ,h € H and x € X such that s(g) = p(x) and s(h) = o~(x). 

Obviously, the notion of non-degenerate Hamiltonian bimodule is a special case of Hamilto- 
nian bimodules defined for quasi-symplectic groupoids in [25 ]. Quasi-symplectic groupoids gen- 
eralize twisted symplectic groupoids. Accordingly, the notion of Morita equivalence for twisted 
symplectic groupoids is given as a part of Morita equivalence of quasi-symplectic groupoids. 

Definition 3.8 Two twisted symplectic groupoids (G =| Go, wg» <Pg) an d (H =^ //o, ojh, <Ph) 
are said to be {strong) Morita equivalent if they are Morita equivalent as Lie groupoids, and the 
(G, H)-bibundle is also a non-degenerate Hamiltonian bimodule. 

Proposition 3.9 ([12]) Assume that G and H are twisted symplectic groupoids that are Morita 
equivalent as Lie groupoids with a Morita bimodule S and a non-degenerate 2-form a>s £ /"(A T*S ). 
Then, the following conditions are equivalent: 

(1) The G-action and the H-action are both twisted symplectic actions; 

(2) u>g © (—ojh) © &>s © {—cos ) vanishes on the graph of the (G X H)-action given in Definition 
[377] 

Due to Proposition 13.91 twisted symplectic groupoids G and H are Morita equivalence if and 

P cr 

only if there exists biprincipal (G, //)-bimodule Go <— S — > Hq equipped with a non-degenerate 
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2-form ojs on S such that da>s - p*(f>c ~ o~*<Ph and the actions of G and H are twisted symplectic. 
As for symplectic groupoids, the notion of Morita equivalence of twisted symplectic groupoids is 
closely related to Morita equivalence of twisted Poisson manifolds. The following theorem is a 
generalization of Theorem 3.2 in [24]. 

Theorem 3.10 ( 11121 ) Let (Pi, IL, (pi) (i = 1,2) be integrable twisted Poisson manifolds. Pi and 
P2 are Morita equivalent if and only if their associated twisted symplectic groupoid Q(Pi) =4 
Pi (i — 1, 2) are Morita equivalent. 

In order to show Theorem 13.101 we need the following result. This lemma can be proved in a 
way similar to Lemma 4.8 in Bursztyn, H. and Crainic, M. 0. 

Lemma 3.11 Let P be a integrable twisted Poisson manifold and Q(P) =| P the associated twisted 

symplectic groupoid. IfS —> P is a twisted symplectic left Q(P)-module, then the momentum map 
J : S —> P is a complete t.s. realization. Conversely, if J : S — > P is a complete t.s. realization, 
then S is a twisted symplectic left Q(P)-module. 

(Proof of Theorem l3. 101 ) Assume that Pi and P2 are Morita equivalent with an equivalence bimod- 

ule P\ <— S — > P2. Let y : I —> T*P[ be a cotangent path and yo € S . Then, it is known that the 
horizontal curve u : I — » S over y is given as the solution of 

d a 

-u(t) = U\(a(t)), u(0)=y 

and, moreover, depends on the cotangent path y (see 00). Therefore, for any g := [7] e Q(P\) 
such that s(g) = xo and t(g) = x\, given yo e J~ 1 (xq), one can define a well-defined action of 
Q(P\) on S by g • yo :- u(\) € /j~ (jti). From Lemma [3.1 1[ this is a twisted symplectic action. It 

h 

is also verified that S — > P2 has a twisted symplectic action of Q(P2) in a similar way. 

By assumption and Proposition 12. 1[ we have \Hj*f, = 0. This implies that these two 

actions commute (see Theorem 3.2 in Il24l ). Therefore, S is a biprincipal (Q(P\), ^(P2))-bibundle. 
By using Proposition 13.91 it is shown that Q(P\) and Q(Pi) are Morita equivalent. 

Conversely, we assume that Q(Pi) =^ P, (i = 1, 2) are Morita equivalent with a non-degenerate 

Hamiltonian bimodule Pi £- (X, co x ) ^> P%. Given any x € X, let g(t) e §(P\) and h(t) e Q(Pi) 
be smooth curves such that s(g(t)) = p(x), s(p(x)) - g(Q) and t(h(t)) - cr(x), e(o~(x)) - h(0), 
respectively. Using g(t) and h(t), we define the new curves 5\(t) and 62Q) taking values in the 
graph of the left ^(Pi)-action by 

6i(t) = (s(p(x)), a(t), a(t)), 5 2 (t) = (g(t), x, b(t)), 

where a(t) = xh(t) and b(t) = g(t)x. Since X is biprincipal, it is verified that (dp) x (a(G)) = and 
(do-) x (b(0)) = 0. Accordingly, the p-fiber and the cr-fiber coincide with the £r(P2)-orbit and the 
^(Pi)-orbit, respectively. If log is the twisted symplectic form on Q(P\), then 

= - (co G © oj x ® (-coxWm, 8 2 (0)) 
= - co G (0, g(0)) - co x (a(0), 0) + co x (a(0), i>(0)) 
= oj x (a(0), 6(0)) 
- i&(0)k»x, 

that is, ia(Q)COx is the element of the annihilation of ker(dcr) x . This implies that a(0) is represented 
by the Hamiltonian vector field of some function F e C°°(P2): a(0) = H^p. Similarly, we have 
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b(0) = H p *G (G € C°°(Pi)). From this observation, it is proved that (ker(dp) x ) 1 ~ = ker(do~) x and 
(ker(dcr) x ) = ker(dp) x for any x e X. 

By assumption, we can show that each the p-fiber and the cr-fiber is diffeomorphic to s-fiber of 
Q{Pi) and t-fiber of Q{P\), respectively. Hence, both the p-fiber and the cr-fiber are connected and 
simply-connected. Moreover, from Lemma l3.HI p : X — > Pi and cr : X — » P2 are t.s.realization 
and anti-t.s.realization, respectively. Consequently, Pi and P2 are Morita equivalent. □ 

3.3 Representation categories 

As discussed in 0, a complete symplectic realization of an integrable Poisson manifold plays 
a role of a left module of algebra. Morita equivalence of Poisson manifolds implies equivalent 
categories of modules, as algebraic Morita equivalence does ( 11241 "). The result similar to this 
holds for twisted Poisson manifolds. We define the categories of modules of integrable twisted 
Poisson manifolds as follows: 

Definition 3.12 Let P be an integrable twisted Poisson manifold. The representation category 

Rep(P) of P has complete twisted symplectic realizations S — > P as objects, and twisted Poisson 
maps between twisted symplectic realizations commuting with the realization maps as morphisms. 

As already mentioned, for a twisted symplectic groupoid T =4 Tq, we can obtain the represen- 
tation category Rep(P) of P. The representation categories are invariants under Morita equivalent. 
That is, the following theorem holds: 

Theorem 3.13 ([25 ], [11]) If two twisted symplectic groupoids G and H are Morita equivalent, 
then their representation categories Rep(G) and Rep(//) are equivalent. 

By the above theorem and Theorem 13. 101 we obtain the following result immediately. 

Theorem 3.14 ( II II ) Suppose that Pi and P2 are integrable twisted Poisson manifolds. If Pi and 
P2 are Morita equivalent, then Rep(Pi) and Rep(P2) are equivalent. 

3.4 Gauge equivalence 

Let (p be a closed 3-form on a smooth manifold M. A 0-twisted Dirac structure on M is a 
subbundle Lm c TM := TM © T*M which is maximal isotropic with respect to the symmetric 
paring (•, •) and whose the set of sections P(Lm) is closed under the bracket [[•, -J, where (•, •) and 
[•, •] are defined as follows: 

(1) (•, •> : r(TM) x 7TTM) ^ C°°{M), ((X, a (Y, 77)) := t/(X) + £(T); 

(2) I, -J : r(7M) x r(TM) ^ P(TM), 1{X, £), (Y, rj)l := ( [X, Y], £ x n - i Y d£ + i x i Y <P). 

For a full discussion of Dirac structures, we refer to (3, (3 and Bursztyn, H. and Radko, O. H). 

Example 3.5 (Twisted Poisson manifolds) Let <p be a closed 3-form on a smooth manifold P,and 
IT a bivector on P. The graph Ln of n" : T*P — > TP is a 0-twisted Dirac structure if and only if n 
and <p satisfy the formula (12.11 ) , that is, P is a 0-twisted Poisson manifold. 

Example 3.6 (Twisted symplectic manifolds) If co is a non-degenerate 2-form on S , then the graph 
L w of or 1 : TS — > T*S is a t^-twisted Dirac structure if and only if co is a t/r-twisted symplectic 
form. 
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Let (M, Lm, <Pm) and (N, Ljy, <Pn) be twisted Dirac manifolds. A smooth map / : M — > N is 
said to be a forward Dirac map if 

(L N )j (x) = {((dJ) x V, a) \Ve T X M, a e T J(x) N, (V, (dJ)* x a) e (L M ) X ) 

for all x £ M. We write ($(J))(Lm) for the right-hand side in the above formula. As verified 
easily, if Lm and are associated with twisted Poisson structures, then a forward Dirac map is 
equivalent to a twisted Poisson map. 

Now we recall gauge transformations on (0-)twisted Dirac structures. Let Lm be a 0-twisted 
Dirac structure on M and B e L(A 2 r*M). We set 

t b {L m ) := j(X, £ + B\X)) I (X, 6 L M ) . 

The subbundle tb(Lm) defines a (0 - JB)-twisted Dirac structure on M. The operation Lm ■-» 
tb(Lm) is called a gauge transformation of L^ associated with B. Especially, if Ln is a 0-Dirac 
structure associated with a twisted Poisson manifold P, the gauge transformation associated with 
B is given by 

L n i— » T B (L n ) = ((IlV), a + B b (n»(a))) | a £ P* P) . 

As discussed in |[22l . Tg(Ln) may fail to be induced from a twisted Poisson bivector. tb(Lu) is 
associated with a (0 - <ifi)-twisted Poisson manifold if and only if 1 + fi'TI* : T*P — > P*P is 
invertible. Two twisted Poisson manifold (P, IT, <f>) and (P, IT, <p') are said to be gauge equivalent 
if there exists a 2-form B on P such that 

IT = IIo(l +B b n*) _1 and <p-<p' = dB. 

For a twisted Poisson bivector which is gauge equivalent to P with respect to B, we write tb(H). 

Theorem 3.15 Let (P, IT, <p) be an integrable twisted Poisson manifold and (Q{P), co) the asso- 
ciated twisted symplectic groupoid. Then, for any 2-form B £ P(A 2 P*P) such that (1 + B'TF) is 
invertible, (P, IT, (p) an d (P, t"b(IT), (p — dB) are Morita equivalent with a equivalence bimodule 
{Q{P), Co), where cb := co - s*B. 

(Proof) For any x £ §(P), we set V = T X {Q(P)), W = T s(x) P. We define H x and H 2 by 

Hi := r s . B (LJ - { (v, i v (oo + s*B)) \veV], 

H 2 := (g(s))(L„) - { (s.v, 77) I v € V, 77 e W, 77 ° s = ?> }. 

Then, 

(S(s))(#i) - { (<fe(v), 77) I v e V, 77 e IV*, 77 o s - j v (w + s*B) ) 
r B (// 2 ) - { (<fe(v), £ + i s , v B) IveV^eW*, s*£ = * v w } 

- { (<fe(v), 77) I v £ V, 77 € r, s*(77 - i s . v fi) = i> }. 

Since i v (s*B) = s*(i StV B), we have s*?7 - i v (co + s*fl). Therefore, (g(s))(#i) = t b (// 2 ). From 
the fact that s : §(P) -> (P, -IT) is a twisted Poisson map ([6]), it follows that (g(s))(//i) = 
tb(-IT), that is, s : {@{P), to) — » (P, ^(TT)) is an anti-t.s.realization. It also can be shown that 
t : (0(P), co) — > (P, IT) is a t.s.realization in a similar way. Moreover, using (ker ds)^ = kercft, we 
have 

(ker dsf - jveV| S(v, w) = (Vw £ ker <fe) } 

= { v £ 7 | to(v, w) = (Vw £ ker </s) } = (ker c?s) w 
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= ker dt. 



Similarly, we can prove (ker eft)' 1 ' - ker ds. 

In what follows, we prove that t and s are complete. Let H m and X, denote the Hamiltonian vec- 
tor field with regard to to and a>', respectively. Then, from assumption we have s*B(H t *f) = (f e 
C°°(P)). Therefore, cb(H vf , •) = a)(H t * f , •) = d(t* /)(■). This implies that H t * f = H*J. From the 
completeness of t : {Q(P), oS) — > P, we can conclude that t : {Q(P), a>) — > P is complete. The 
completeness of s can be proved similarly (see [4]), □ 



4 Weak Morita equivalence 

Let A, — > M; (z = 1, 2) be Lie algebroids. Assume that A\ and A 2 act on X from the left and 
right, respectively. If the actions q\, Q2 commute i.e., [gi(£), £2(77)] = for any £ e P(Ai), 77 e 
r(A.2), and the moment maps are surjective submersions, then we call X an (Ai, A2)-algebroid 
bimodule. 

Definition 4.1 Le? (P,-, II,-, 0,) (z = \,2) be twisted Poisson manifolds. P\ and P2 are said to be 

{weak) Morita equivalent if there exists a (T Pi, T* P2)-algebroid bimodule P\ <— M — > P2 which 
satisfies 

(1) Fac/i Ji-fiber (i = 1, 2) z's connected and simply-connected; 

(2) For <my ieM, 

F^ViW)) = {ezfa)* 1 17 e r(r*p 2 )) and t x (j 2 \j 2 (x))) = { ei (g) x \ t e r(r*Pi)}, 

where q\ : r{T*P\) — » r(TM) and Q2 : r(T*P2) — > r(TM) mean the Lie algebroid actions 
ofT*P\ and T*P2, respectively. 

Theorem 4.2 Wet?/: Morita equivalence is an equivalence relation for ( twisted) Poisson manifolds. 

(Proof) First, we verify the reflectivity. If P is a twisted Poisson manifold, its cotangent bundle 
T*P A Pisa(r*P, P*P)-algebroid bimodule under the left action g L : r(T*P) -> r(T(T*P)), a i-> 
njL(7r*a) and the right action g R : r(T*P) -> r(T(T*P)), a ^ -U c (n*a), where n c means a 

Poisson bivector induced from a canonical symplectic structure on T*P. From njl c (n*a) - 0, 
we have T u (n--\n(u))) = p L (r(T*P)) u = p R (r(T*P)) u (Vu e T*P). Therefore, P is weak Morita 
equivalent to itself. 

As for the symmetry, we suppose that Pi is weak Morita equivalent to P2 with an algebroid 

bimodule Pi <— M — > P2. Then, a smooth manifold P2 <— M — » Pi with the reversed actions 
:= -Qr, q' r := -£>l is a (T*P2, P*Pi)-algebroid bimodule. It follows that P2 is weak Morita 
equivalent to Pi. 

J\ h 

The transitivity will be shown in what follows. Suppose that Pi <— M — > P2 is a (T*P\, T*P2)- 

J 2 h 

algebroid bimodule and P2 <— N — » P3 is a (P*P2, r*P3)-algebroid bimodule. We define the left 
and right actions on the fiber product L := M x p ' 2 N by 

Q! : P(rPi) -» r(TL), a k> (01(a), 0) and £3 : P(P*P 3 ) -» r(TL), /3 ^ (0, e3 (/S)), 

respectively. Then, L is a (P Pi , r*P3)-algebroid bimodule with the moment maps Pi «— L — > P3, 
where p(m, n) :- Ji(m) and cr(m. n) := .^(ti). From assumption, we have 

T {m , n) (o--\o-(m, n))) = T (m . n) (j 2 l {J' 2 {n)) X {«}) = Qi(T(T* Pi)\ m , n) . 
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Similarly, T(m, n ) (p l (fi(m, n))j = g3(T(T*P^))^ m n) . Obviously, each fiber is connected and simply- 
connected. Hence, Pi and P3 is weak Morita equivalent. □ 

Proposition 4.3 Strong Morita equivalence implies weak Morita equivalence. 

(Proof) Assume that integrable twisted Poisson manifolds Pi and P2 are strong Morita equivalent 

with an equivalence bimodule Pi <— (S, u>s) — > Pi- As discussed in Section 2, the moment maps 
J 1 and J 2 induce Lie algebroid actions Qi(a) :- T$ s (J*a) and Q2(J3) :- ns(/*/3), respectively, 
where lis means the bivector field induced from u>s- Using (12.11) . we have [gi(a), g 2 (J3)] = for 
any a e T(T*P{), p e T(T*P 2 ). This implies that S is a (T*P U P*P 2 )-algebroid bimodule. From 
assumption, it follows that, for any x e S , 

r^VlC*))) = ker(J7i), = (ker(J7 2 ) x ) ± = n* (ker(<// 2 )°) = g 2 (r(T*P 2 )) x , 

where ker(dJ 2 )° denotes the annihilator of ker(dJ 2 ) x . Analogously, we have T x (/^ H^W)) - 
gi(r(T*Pi)) x . Therefore, Pi and P 2 are weak Morita equivalent. □ 
Weak Morita equivalence induces one-to-one correspondence between twisted symplectic 
leaves. The following theorem can be shown in a way similar to Theorem 11.1.9 in Ortega, J. 
and Ratiu, T. IfTTl . 

Theorem 4.4 Suppose that P[ and P 2 are weak Morita equivalent with a algebroid bimodule 
J\ h 

P\ <— M — > P 2 . Let M/D be the leaf space of the distribution D defined by D m := ker(<i7i) m + 
ker(dJ 2 ) m (Vm e M) and £,{Pi) = 1,2) the spaces of twisted symplectic leaves of Pi, respectively. 
Then, 

(1) The distribution D = ker(<i/i) + ker(dJ 2 ) is integrable. 

(2) M/D — > X(P ; ) (i - 1,2) are bijections. In particular, the map X(Pi) — > £iPi), L \-> 
Ji(J\ (L)) is the bijective correspondence between the leaves of Pi and the leaves of P 2 . 

(Proof) (1) From assumption, k&r(dJ\) and ker(dJ 2 ) can be considered as the distributions 

Vi = {Q2(fi)\fier(T*P 2 )} and V 2 - { ei (a) | a e T(T*P l ) }, 

respectively. The distribution D is spanned by V = Vi U V 2 . Let Q t and rj t be the flows of Q\(a) 
and Q 2 (fi), respectively. We will show that 

(de t ) m (g 2 (j3) m ) € <D(9,(m)) and (dq,) m (Q Y (a) m ) e D(rj t (m)). 

Since B t is a diffeomorphism, we can define the pull-back of X e T(TM) by 6*X := (d9- t ) oXoQ t . 
Then, we have the following formula (see IfTTl ): 

jfMifi)) = e* t [Qi(a), Q2 (J3)l 

By assumption that the two Lie algebroid actions commute, the right-hand side in the above for- 
mula is equal to 0. Therefore, 9*g 2 (J3) = 6* g 2 (J3) = g 2 (fi). It follows that 

(d9 t ) m (g 2 (fi) m ) = (Mdm (dO- t ) et(m) (g 2 (j3))g tQn) - (£> 2 (/?)) e , (m) 6 D(6 t (m)). 

We can show that (dr] t ) m (gi(a) m ) e D(rj t (m)) in similar way. 

(2) We will denote by Oy, Oyj and Oy 2 the pseudogroups of local transformations generated by 
the flows of elements in V, V\ and V 2 , respectively. For full discussion of pseudogroups, we refer 
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to IfTTIl . Let iVcMbe the integrable manifold of D containing a given point m e M. We note that 
L coincides with the Oy-orbit of m: 

N = <$v ■ m - { (p(m) | <p e Oy }. 

Since the two Lie algebroid actions commute, N can be written as 

N = <&v ■ m = <JV,(®y, • m). 

From assumption, the /,-fibers (i = 1,2) are preserved by the elements in ®y, respectively. Ac- 
cordingly, 

Ji(N) = Ji(<S> Vl (®v 2 ■ m)) = 7i(<Di/ 2 • m). 

Any element 6 e ®y 2 can be represented as 6 = 6) ° • • • o , where 6j. (J = 1, • • • ,n) mean the 
flows of a vector fields Q\{dJ\fj), fj e C°°(Pi). Accordingly, 

h(G{m)) = h{{6\ o.-.o ff} n )(m)) = (f J o • • • o ^)(/i(m)), 

where £/. (j = 1, • • • , «) are the flows of Hamiltonian vector fields /fy . o ■ • • o ^ is the element 
of the pseudogroup ®# of local transformations generated by the flows of Hamiltonian vector 
fields on Pi. Moreover, the twisted symplectic leaf of Pi is the maximal integral manifold of 
the distribution spanned by the Hamiltonian vector fields on Pi. Therefore, we have /i(A0 = 
Ji(<E>v 2 • m) - L/j( m ), where L/,( m ) means the leaf of Pi containing J\{m). Consequently, we can 
define the map ¥ : M/D -> £(Pi) by 

¥ : M/D — > £(Pi), N = ®y • m i — > J { (N) = O ff • /i(m). 

To show the bijectivity of x ¥, we will prove that the map *P' defined by /i(A0 h-» /"'(^(./V)) is an 
inverse of *F. From /i(A0 - Ji($>v 2 ' m )> it follows that 

0eO>y 2 

Here, since the elements in <Jv, preserve each /i -fiber, we have /j~ (/i(#(m))) = ®y, • #(m) for any 
9 e <Dy 2 . Therefore, 

/^(/lCA 7 )) - |J ®vi • = ©vi • (*v a ■ m) = <& v ■ m = N. 

6teOy 2 

This leads us to the conclusion that *F is bijective. Similarly, we can construct the map M/D — > 
X(Pa) and show that this map is bijective. □ 

References 

[1] Benabou, J. : Introduction to bicategories, Lecture Notes in Mathematics 47,1967, pp. 1-77. 

[2] Bursztyn, H. and Crainic, M. : Dirac structures, moment maps and quasi-Poisson manifolds. 
In: Marsden, J.E.and Ratiu, T.S.(eds), The breadth of symplectic and Poisson geometry, 
Progr.Math.,232, Birkhauser, Boston, 2005, pp. 1-40. 

[3] Bursztyn, H., Crainic, M., Weinstein, A. and Zhu, C. : Integration of twisted Dirac brackets, 
Duke Math. J. 123,2004, pp.549-607. 

[4] Bursztyn, H. and Radko, O. : Gauge equivalence of Dirac structures and symplectic 
groupoids, Ann. Inst. Fourier (Grenoble) 53, 2003, pp309-337. 



17 



[5] Bursztyn, H. and Weinstein, A. : Poisson geometry and Morita equivalence. In: Poisson 
geometry, deformation quantisation and group representations, LMS Lecture Notes Series, 
323,Cambridge Univ. Press, 2005, pp. 1-78. 

[6] Cattaneo, A. and Xu, P. : Integration of twisted Poisson structures, J. Geom. Phys. 49, 2004, 
pp.187-196. 

[7] Crainic, M. and Fernandes, R. L. : Integrability of Lie brackets, Ann. of Math. 157, 2003, 
pp.575-620. 

[8] Crainic, M. and Fernandes, R. L. : Integrability of Poisson brackets, J. Differential Geom. 
66, 2004, pp.71-137. 

[9] Crainic, M. and Fernandes, R. L. : Lectures on integrability of Lie brackets, 

[10] Ginzburg, V. and Lu, J. -H. : Poisson cohomology of Morita-equivalent Poisson manifolds, 
Internat. Math. Res. Notices 10,1992, pp. 199-205. 

[11] Hirota, Y. : Morita invariant properties of twisted Poisson manifolds, Lett. Math. Phys. 
81,no.3, 2007, pp. 185-195. 

[12] Hirota, Y. : Geometric Morita equivalence for twisted Poisson manifolds, Tokyo J.Math. 
31.no. 1, 2008, pp. 185- 193. 

[13] Klimcfk, C. and Strobl, T. : WZW-Poisson manifolds, J.Geom.Phys. 4,2002, pp.341-344. 

[14] Kosmann-Schwarzbach, Y. and Laurent-Gengoux, C. : The modular class of a twisted Pois- 
son structure, Trav. Math., XVI, Univ. Luxemb., Luxembourg, 2005, pp. 315-339. 

[15] Mackenzie, K. : General theory of Lie groupoids and Lie algebroids, LMS Lecture Notes 
Series, 213, Cambridge Univ. Press, 2005. 

[16] Morita, K. : Duality for modules and its applications to the theory of rings with minimum 
condition, Sci.Rep.Tokyo Kyoiku Daigaku Sect.A6, 1958, pp. 83-142. 

[17] Ortega, J. and Ratiu, T. : Momentum maps and Hamiltonian reduction, Progress in Mathe- 
matics 222, Birkhauser, 2004. 

[18] Park, J. -S. : Topological open p-branes, Symplectic geometry and Mirror symmetry (Seoul 
2000), World Sci.Publishing, River Edge, NJ.2001, pp.31 1-384. 

[19] Pradines, J. : Troisieme theoreme de Lie pour les groupdides differentiables, C. R. Acad. Sci. 
Paris Ser. A-B 267, 1968, pp.A21-A23. 

[20] Rieffel, M. A. : Induced representations of C* -algebras, Adv. Math. 13, 1974, pp. 176-257. 

[21] Rieffel, M. A. : Morita equivalence for C* -algebras and W* -algebras, J.Pure Appl. Alg. 5, 
1974, pp.51-96. 

[22] Severa, P. and Weinstein, A. : Poisson geometry with a 3-form background, Progr. Theoret. 
Phys. Suppl. 144, 2001, pp.145-154. 

[23] Xu, P. : Morita equivalent symplectic groupoids. In: Dazord, P., Weinstein, A.(eds.), Sym- 
plectic Geometry, Groupoids, and Integrable Systems, Springer, New York, 1991, pp.291- 
311. 



18 



[24] Xu, P. : Morita equivalence of Poisson manifolds, Comm. Math. Phys. 142, 1991, pp.493- 
509. 



[25] Xu, P. : Momentum maps and Morita equivalence, J. Differential Geom. 67, 2004, pp.289- 
333. 

Yuji HIROTA 

Quantum Bio-Informatics Center 

Research Institute for Science and Technology 

Tokyo University of Science 

2641 Yamazaki, Noda City, Chiba 

278-8510 Japan; 

email:yhirota@rs.noda. tus.ac.jp 



19 



